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Abstract 
In order to improve computational efficiency of meshless methods based on Galerkin weak form, in the paper a 
simple technique is proposed, that is, the nodal influence domain of meshless methods is extended to arbitrary shape. 
Specifically, circle and rectangle nodal influence domains which are primarily used in meshless methods are 
generalized to arbitrary convex polygon. When the dimensionless size of the nodal influence domain approaches to 1, 
the Gauss quadrature point only contributes to these nodes in whose background cell the Gauss quadrature point is 
located. Thus, the band width of stiff matrix decreases obviously. Meanwhile, the node search process is not needed. 
The results obtained using the current technique have been compared with those obtained using the finite element 
method and meshless method with rectangle nodal influence domain, and they present that the provided technique not 
only has high calculation accuracy, but also enhances computational efficiency of meshless methods greatly. In 
addition, the technique simplifies imposition of essential boundary conditions as that of the finite element method. 
 
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of Kunming 
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1. Introduction 
It is well known that the finite difference method (FDM) and finite element method (FEM) have been 
used with great success in many fields with both academic and industrial applications. However, it is not 
without limitations. When the problem is involved with complex geometry, due to mesh-based 
interpolation, the generation of mesh is an expensive, time and human labour consuming task. 
Additionally, those methods are not well suited to treat problems with large deformation, discontinuities  
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Nomenclature 
 
P(x)     complete polynomial basis 
N(x)     shape functions  
uh(x)     the moving least squares approximation function 
wi (x)    weight function 
D          the dimensionless size of the influence domain 
U          the distance between two adjacent nodes 
Gij         Kronecker delta function 
and so on. One remedy strategy for dealing with those problems is remeshing. However, remeshing is 
costly and complex, which could make the precision lost and even sometimes lead to computational 
failure. The root of these difficulties is the use of mesh in the formulation stage for FEM [1]. An attractive 
option for such problems is the meshless discretization or a finite point discretization approach, which has 
been popular in recent years. Meshless methods only use a set of nodes scattered within the problem 
domain as well as a set of nodes scattered on the boundary. Therefore, compared with FEM, meshless 
methods have the following major advantages [1, 2]: (i) higher-order continuous shape functions, (ii) h-
adaptivity is simpler to incorporate, (iii) no mesh alignment sensitivity. Thus, they are well-suited for 
certain class of problems such as crack propagation, larger deformations, discontinuous problems and so 
on. To date, there exist many meshless methods such as smoothed particle hydrodynamics (SPH) [3], 
element free Galerkin (EFG) method [1, 3], meshless local Petrov Galerkin (MLPG) method [1] and so 
on. The more details of these meshless methods can refer to [1, 4]. Among these meshfree methods, the 
EFG method proposed by Belytschko et al. possesses a preferable foundation of mathematical theory, and 
has higher computational precise and better convergence rate than other meshfree methods [1, 3], thus in 
this paper we take EFG method for example to our work. 
    As a coin has two sides, meshless methods have many shortcomings when compared to the FEM. For 
example [2, 5], (i) strict mathematical proof and complete theory of meshless methods are scarce. (ii) 
most of meshless methods have lower computational efficiency than that of FEM and FDM. (iii) 
computation of meshless shape functions and their derivatives is usually more complicated and time 
consuming than the FEM shape functions. (iv) most of meshless shape functions do not, in general, 
satisfy the Kronecker delta condition. (v) there exists many uncertain parameters, such as the size of 
nodal influence domain and so on. These parameters are usually dependent on the experience of 
researcher or user, and until now there has not a perfect method to determine these parameters.  
In the paper, our goal is not to solve all the problems mentioned above, but to provide a simple way to 
overcome these difficulties, especially for computational efficiency of meshless methods. A successful 
numerical method should obtain high accuracy at a low computational cost. As a matter of fact, many 
researchers had done a lot of work to improve computational efficiency of meshless methods. Belytschko 
et al. [6] provided an efficient approach to the computation of the MLS shape functions as well as its 
derivatives, which avoided the calculation of the inverse of the moment matrix. Zeng [7] studied 
systemically parallel algorithm of meshless methods to reduce the computational time. Zhang et al [8] 
proposed applying mass lumping procedure in the EFG method for transient problems, in which avoid 
solving linear equations in each time step. So far, as far as the shape of nodal influence domain is 
concerned, most of researchers had adopted circle and rectangle nodal influence domain. In order to 
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ensure the computation smoothly, they usually use enough nodes in a nodal influence domain, which 
consumes a lot of computational cost. Meanwhile, the related research on arbitrary shape of nodal 
influence domain of meshless method has few reported. Thus, in the paper we extend the nodal influence 
domain to have arbitrary convex polygon, and investigate the properties of approximate functions, 
computational efficiency and accuracy under the case. 
The paper is organized as follows. In section 2, the fundamental principle of the EFG method is 
presented. In section 3, two numerical experiments are considered to demonstrate the effectiveness and 
accuracy of the presented technique and conclusions are drawn in section 4. 
2.Review of the element free Galerkin method  
2.1 Moving least squares approximation 
In the EFG method, the field variable u(x) is approximated by moving least squares approximation 
(MLS). The MLS approximation ( )hu x of u(x) can be defined by [1, 3, 7] 
 1( ) ( ) ( ) ( ) ( )hu 7  7  x P x A x B x u N x u  (1) 
where P(x) is a complete polynomial basis of order m, N(x) is the vector of MLS shape functions, u is the 
vector of nodal unknowns, matrices A(x) and B(x) are defined by 
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 1 1 2 2( ) [ ( ) ( ), ( ) ( ), , ( ) ( )]n nw w w B x x P x x P x x P x  (3) 
and wi (x) is a weight function of compact support (often called the influence domain of node i) and n is 
the number of nodes whose support includes point x.  
The MLS shape function is obtained by a special least squares method, thus it is smooth curve and does 
not pass through the nodal values. That is to say, the MLS shape function does not, in general, satisfy the 
Delta condition at each node, i.e. Ni(xjGij. Consequently, the imposition of essential boundary 
conditions is more complicated than that for the standard FEM.  
2.2 Weight functions and shape of nodal influence domain 
The choice of the weight function is more or less arbitrary, in the paper the following cubic spline 
function is chosen [1] 
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where /i id d r , i id  x x is the distance between point x and node xi, ri is the radius of the influence 
domain of the node xi. We usually set r=DU, in whichD is the dimensionless size of the influence domain 
and U is the distance between two adjacent nodes. In order to ensure that the matrix A in Eq.(1) is 
invertible, hereD needs to be greater than 1. 
Taking the two dimensional case for example, the influence domain which is commonly used at present 
is circle and rectangle. If the rectangle influence domain is adopted, then the corresponding weight 
function can be presented as follows 
 ( ) ( ) ( )i x yw w d w d x  (5) 
in which /x x xd d r , /y y yd d r , x id x x  , y id y y  , xr and yr are the radius of the rectangle influence 
domain along x-axis and y-axis respectively. Further, here we extend the influence domain to have 
arbitrary shape. As far as the two dimensional case is concerned, the basic idea is to 
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change  /id d r ș for /id d r in the weight function. That is to say, the influence radius of node xi is the 
function of the angle T, which means that there is different influence radius at different angleT. Fig.1 
presents the schematic diagram of node xi  having a convex-pentagon influence domain, where the convex 
pentagon ABCDEA is the boundary of the influence domain, , , ,A B C Dc c c c and Ec are control node. When to 
compute the EFG shape function of node xi at point x (see Fig.1), we should follow the following steps: 
(1) Find out in which slice the point x is located; 
(2) Compute the influence radius   ir ș F x along the direction of ix x ; 
(3) Project   ir ș F x along x-axis and y-axis respectively to obtain xr and yr ; 
(4) Substitute xr and yr into Eq.(11) and then use Eq.(1) to compute the EFG shape function. 
When the D approaches to 1, there are only three nodes in the slice, that is to say, the point x (is 
commonly Gauss quadrature point) only contributes to this three nodes rather than more than four nodes 
for the rectangle nodal influence domain. Moreover, if the meshless nodes and nodes of background cell 
are the same, in which it is widely applied in practice, it can avoid node search procedure. Thus, we 
expect that it would reduce much computational cost.  
                 
                                                                            
 
Fig.2 presents the MLS shape function of node xi and its first order derivatives which have a convex-
polygon influence domain when D=1.01. From the computational data we know that when D=1.01, the 
MLS shape function at node xi it equals to 0.999992. This demonstrates that when D approaches to 1, the 
MLS shape function almost owns the Kronecker Delta function property at node xi, which are all the 
same as those of the FEM shape function. That is to say, in this case the implementation of essential 
boundary condition is as simple as that of in the FEM.  
2. Numerical examples 
In order to validate the computational accuracy and computational effectiveness of EFG method with 
arbitrary convex-polygon nodal influence domain, two numerical examples are given.  
Example 1. We consider the following boundary problem:
2 2
2 2
2 2( ) 2( ) 2( ), ( , )
( , )
( , ) 0,
u u x x y y x y
x y
x y
u x y
­ w w      :° w w® w:°  ¯
    
where ( , ) [0,1] [0,1]x y : u  the analysis solution is 2 2( , ) ( )( )u x y x x y y   . Now we solve this problem 
with FEM, EFG method under the arbitrary shape nodal influence domain and EFG method under 
rectangle nodal influence domain, respectively. To make a comparison of computational accuracy among 
three numerical cases, the following L2 error norm is used as error measures: 2
2 1 2( ( ) )h h
L
u u u u d
:
   :³ , and 
the corresponding L2 relative error norm 22 2
relh h
LL L
u u u u u   is also introduced. 
For this numerical example, we distribute uniformly 11×11, 21×21, 31×31 and 41×41 nodes in the 
domain :. Meanwhile, we also use FEM, EFG with rectangle nodal influence domain and EFG with 
Fig.1 The schematic diagram of the node xI 
having a convex-pentagon influence 
Fig.2 The MLS shape function and its first order derivatives 
on a convex-polygon nodal influence domain when D=1.01 
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arbitrary shape nodal influence domain to solve it. Table 1 presents their L2 relative errors, from which we 
can find that: (1) the L2 relative errors of all the numerical methods decrease with the increase of nodes; 
(2) when the nodes keep the same, the L2 relative error of FEM is biggest, the L2 relative error of EFG 
with rectangle nodal influence domain is smallest, and the L2 relative error of EFG with arbitrary shape 
nodal influence domain is between them but close to the one of EFG with rectangle nodal influence 
domain. Table 2 shows the compute time of these three numerical methods, from which we can observe 
that: (1) the compute time increases with the increase of nodes, (2) when the nodes keep the same, the 
compute time of EFG with rectangle nodal influence domain is biggest, the compute time of FEM is 
smallest, and the compute time of EFG with arbitrary shape nodal influence domain is between them but 
close to the one of FEM. In summary, the EFG with arbitrary shape nodal influence domain owns the 
advantages of both FEM and EFG with rectangle nodal influence domain, namely its compute time is 
close to the one of FEM but its L2 relative error is close to the one of EFG with rectangle nodal influence 
domain. 
Table 1 The L2 relative error of FEM, EFG method with 
arbitrary shape and rectangle nodal influence domain for 
different nodes 
nodes 
EFG 
FEM 
arbitrary shape rectangle 
11×11 0.00775161 0.0072811 0.00811681 
21×21 0.00196572 0.00173782 0.00204199 
31×31 0.000853206 0.000798977 0.000908601 
41×41 0.000501306 0.000492146 0.000511296 
Table 2 The compute time of FEM, EFG method with 
arbitrary shape and rectangle nodal influence domain for 
different nodes 
nodes 
EFG 
FEM 
arbitrary shape rectangle 
11×11 0.078 (s) 0.1116 (s) 0.046 (s) 
21×21 0.468 (s) 0.8448 (s) 0.328 (s) 
31×31 2.719 (s) 5.1372 (s) 2.296 (s) 
41×41 12.046 (s) 22.7256 (s) 11.437 (s) 
Example 2. We also consider the following boundary problem:
2 2
2 2( ) 4, ( , )
( , )
( , ) 1,
u u x y
x y
x y
u x y
­ w w   :° w w® w:°  ¯
 
where  ^ `2 2, | 1x y x y:  d and the analysis solution is 2 2( , )u x y x y  . 
Table 3 The L2 relative error of FEM and EFG method with 
arbitrary shape nodal influence domain for different nodes 
nodes FEM EFG 
549 0.00099761 0.000954267 
2724 5.05362e-005 4.55671e-05 
 Table 4 The compute time of FEM and EFG method with 
arbitrary shape nodal influence domain for different nodes 
nodes FEM EFG 
549 0.703 (s) 0.765 (s) 
2724 58.906 (s) 59.546 (s) 
For this numerical example, due to that the domain is a circle, then the rectangle nodal influence 
domain is not easy to use. Therefore, here we just only use FEM and EFG with arbitrary shape nodal 
influence domain to solve it. We distribute 549 and 2724 nodes in the domain. Table 3 presents the L2 
relative errors of FEM and EFG with arbitrary shape nodal influence domain for different nodes, from 
which we find that: (1) the L2 relative errors of all these two numerical methods decrease with the 
increase of nodes; (2) when the nodes keep the same, the L2 relative error of EFG with arbitrary shape 
nodal influence domain is less than that of FEM. Table 4 shows the compute time of FEM and EFG with 
arbitrary shape nodal influence domain for different nodes, from which we can find that the 
computational time of EFG with arbitrary shape nodal influence domain is very closed to that of FEM 
under two nodal distribution. 
4. Conclusions 
In this paper we extend the nodal influence domain of EFG to have arbitrary shape, and two numerical 
examples are solved by EFG with arbitrary shape nodal influence domain and the numerical results 
indicate that: (1) When the nodes keep the same, the EFG with arbitrary shape nodal influence domain 
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owns the advantages of both FEM and EFG with rectangle nodal influence domain, namely its compute 
time is close to the one of FEM but its L2 relative error is close to the one of EFG with rectangle nodal 
influence domain; (2) With the increase of nodes, the L2 relative error of EFG with arbitrary shape nodal 
influence domain decreases; (3) The implement of essential boundary condition is as simple as that of in 
the FEM, and boundary of EFG with arbitrary shape nodal influence domain is more accurate than that of 
EFG with rectangle nodal influence domain. 
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